
`CH A P T ER 1.1

What was mathematics in the ancient world? 
Greek and Chinese perspectives
G E R Lloyd

Two types of approach can be suggested to the question posed by the title of 
this chapter. On the one hand we might attempt to settle a priori on the cri-

teria for mathematics and then review how far what we [ nd in di\ erent ancient 
cultures measures up to those criteria. Or we could proceed more empirically or 
inductively by studying those diverse traditions and then deriving an answer to 
our question on the basis of our [ ndings.

Both approaches are faced with di7  culties. On what basis can we decide on 
the essential characteristics of mathematics? If we thought, commonsensically, 
to appeal to a dictionary de[ nition, which dictionary are we to follow? 9 ere is 
far from perfect unanimity in what is on o\ er, nor can it be said that there are 
obvious, crystal clear, considerations that would enable us to adjudicate uncon-
troversially between divergent philosophies of mathematics. What mathemat-
ics is will be answered quite di\ erently by the Platonist, the constructivist, the 
intuitionist, the logicist, or the formalist (to name but some of the views on the 
twin fundamental questions of what mathematics studies, and what knowledge 
it produces).

9 e converse di7  culty that faces the second approach is that we have to 
have some prior idea of what is to count as ‘mathematics’ to be able to start our 
cross-cultural study. Other cultures have other terms and concepts and their
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interpretation poses delicate problems. Faced with evident divergence and 
 heterogeneity, at what point do we have to say that we are not dealing with a 
di\ erent concept of mathematics, but rather with a concept that has nothing to 
do with mathematics at all? 9 e past provides ample examples of the dangers 
involved in legislating that certain practices and ideas fall beyond the boundar-
ies of acceptable disciplines.

My own discussion here, which will concentrate largely on just two ancient 
mathematical traditions, namely Greek and Chinese, will owe more to the second 
than to the [ rst approach. Of course to study the ancient Greek or Chinese con-
tributions in this area—their theories and their actual practices—we have to 
adopt a provisional idea of what can be construed as mathematical, principally 
how numbers and shapes or [ gures were conceived and manipulated. But as we 
explore further their ancient ideas of what the studies of such comprised, we can 
expect that our own understanding will be subject to modi[ cation as we proceed. 
We join up, as we shall see, with those problems in the philosophy of mathemat-
ics I mentioned: so in a sense a combination of both approaches is inevitable.

Both the Greeks and the Chinese had terms for studies that deal, at least in part, 
with what we can easily recognize as mathematical matters, and this can provide 
an entry into the problems, though the lack of any exact equivalent to our notion 
in both cases is obvious from the outset. I shall [ rst discuss the issues as they 
relate to Greece before turning to the less familiar data from ancient China.

Greek perspectives

Our term ‘mathematics’ is, of course, derived from the Greek mathēmatikē, 
but that word is derived from the verb manthanein which has the quite general 
meaning of ‘to learn’. A mathēma can be any branch of learning, anything we 
have learnt, as when in Herodotus, Histories 1.207, Croesus refers to what he has 
learnt, his mathēmata, from the bitter experiences in his life. So the mathēmatikos 
is, strictly speaking, the person who is fond of learning in general, and it is so 
used by Plato, for instance, in his dialogue Timaeus 88c, where the point at issue 
is the need to strike a balance between the cultivation of the intellect (in general) 
and that of the body—the principle that later became encapsulated in the dictum 
mens sana in corpore sano ‘a healthy mind in a healthy body’. But from the [ N h 
century bc certain branches of study came to occupy a privileged position as the 
mathēmata par excellence. 9 e terms mostly look familiar enough, arithmētikē, 
geomētrikē, harmonikē, astronomia, and so on, but that is deceptive. Let me spend 
a little time explaining [ rst the di\ erences between the ancient Greeks’ ideas and 
our own, and second some of the disagreements among Greek authors them-
selves about the proper subject-matter and methods of certain disciplines.
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Arithmētikē is the study of arithmos, but that is usually de[ ned in terms of 
 positive integers greater than one. Although Diophantus, who lived at some time 
in late antiquity, possibly in the third century ad, is a partial exception, the Greeks 
did not normally think of the number series as an in[ nitely divisible continuum, 
but rather as a set of discrete entities. 9 ey dealt with what we call fractions as 
ratios between integers. Negative numbers are not arithmoi. Nor is the number 
one, thought of as neither odd nor even. Plato draws a distinction, in the Gorgias 
451bc, between arithmētikē and logistikē, calculation, derived from the verb logiz-
esthai, which is oN en used of reasoning in general. Both studies focus on the odd 
and the even, but logistikē deals with the pluralities they form while arithmētikē 
considers them—so Socrates is made to claim—in themselves. 9 at, at least, is 
the view Socrates expresses in the course of probing what the sophist Gorgias 
was prepared to include in what he called ‘the art of rhetoric’, though in other 
contexts the two terms that Socrates thus distinguished were used more or less 
interchangeably. Meanwhile a di\ erent way of contrasting the more abstract and 
practical aspects of the study of arithmoi is to be found in Plato’s Philebus 56d, 
where Socrates distinguishes the way the many, hoi polloi, use them from the way 
philosophers do. Ordinary people use units that are unequal, speaking of two 
armies, for instance, or two oxen, while the philosophers deal with units that do 
not di\ er from one another in any respect; abstract ones in other words.1

At the same time, the study of arithmoi encompassed much more than we 
would include under the rubric of arithmetic. 9 e Greeks represented numbers 
by letters, where α represents the number 1, β the number 2, γ 3, ι 10, and so on. 
9 is means that any proper name could be associated with a number. While some 
held that such connections were purely fortuitous, others saw them as deeply sig-
ni[ cant. When in the third century ad the neo-Pythagorean Iamblichus claimed 
that ‘mathematics’ is the key to understanding the whole of nature and all its 
parts, he illustrated this with the symbolic associations of numbers, the patterns 
they form in magic squares and the like, as well as with more widely accepted 
examples such as the identi[ cation of the main musical concords, the octave, 
[ N h, and fourth, with the ratios 2:1, 3:2, and 4:3. 9 e beginnings of such associa-
tions, both symbolic and otherwise, go back to the pre-Platonic Pythagoreans 
of the [ N h and early fourth centuries bc, who are said by Aristotle to have held 
that in some sense ‘all things’ ‘are’ or ‘imitate’ numbers. Yet this is quite unclear, 
[ rst because we cannot be sure what ‘all things’ covers, and secondly because of 
the evident discrepancy between the claim that they are numbers and the much 
weaker one that they merely imitate them.

1. Cf. Asper, Chapter 2.1 in this volume, who highlights divergences between practical Greek 
 mathematics and the mathematics of the cultured elite. On the proof techniques in the latter, Netz (1999) 
is fundamental.
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What about ‘geometry’? 9 e literal meaning of the components of the Greek 
word geōmetria is the measurement of land. According to a well-known passage 
in Herodotus, 2 109, the study was supposed to have originated in Egypt in rela-
tion, precisely, to land measurement aN er the d ooding of the Nile. Measurement, 
metrētikē, still [ gures in the account Plato gives in the Laws 817e when his 
spokesman, the Athenian Stranger, speci[ es the branches of the mathēmata that 
are appropriate for free citizens, though now this is measurement of ‘lengths, 
breadths and depths’, not of land. Similarly, in the Philebus 56e we again [ nd a 
contrast between the exact geometria that is useful for philosophy and the branch 
of the art of measurement that is appropriate for carpentry or architecture.

9 ose remarks of Plato already open up a gap between practical utility—
mathematics as securing the needs of everyday life—and a very di\ erent mode 
of usefulness, namely in training the intellect. One classical text that articulates 
that contrast is a speech that Xenophon puts in the mouth of Socrates in the 
Memorabilia, 4 7 2–5. While Plato’s Socrates is adamant that mathematics is use-
ful primarily because it turns the mind away from perceptible things to the study 
of intelligible entities, in Xenophon Socrates is made to lay stress on the useful-
ness of geometry for land measurement and on the study of the heavens for the 
calendar and for navigation, and to dismiss as irrelevant the more theoretical 
aspects of those studies. Similarly, Isocrates too (11 22–3, 12 26–8, 15 261–5) dis-
tinguishes the practical and the theoretical sides of mathematical studies and in 
certain circumstances has critical remarks to make about the latter.

9 e clearest extant statements of the opposing view come not from the math-
ematicians but from philosophers commenting on mathematics from their own 
distinctive perspective. What mathematics can achieve that sets it apart from 
most other modes of reasoning is that it is exact and that it can demonstrate 
its conclusions. Plato repeatedly contrasts this with the merely persuasive argu-
ments used in the law-courts and assemblies, where what the audience can be 
brought to believe may or may not be true, and may or may not be in their best 
interests. Philosophy, the claim is, is not interested in persuasion but in the truth. 
Mathematics is repeatedly used as the prime example of a mode of reasoning 
that can produce certainty: and yet mathematics, in the view Plato develops in 
the Republic, is subordinate to dialectic, the pure study of the intelligible world 
that represents the highest form of philosophy. Mathematical studies are valued 
as a propaedeutic, or training, in abstract thought: but they rely on perceptible 
diagrams and they give no account of their hypotheses, rather taking them to be 
clear. Philosophy, by contrast, moves from its hypotheses up to a supreme prin-
ciple that is said to be ‘unhypothetical’.

9 e exact status of that principle, which is identi[ ed with the Form of the 
Good, is highly obscure and much disputed. Likening it to a mathematical axiom 
immediately runs into di7  culties, for what sense does it make to call an axiom 



What was mathematics in the ancient world? 11

‘unaxiomatic’? But Plato was clear that both dialectic and the mathematical 
 sciences deal with independent intelligible entities.

Aristotle contradicted Plato on the philosophical point: mathematics does not 
study independently existing realities. Rather it studies the mathematical prop-
erties of physical objects. But he was more explicit than Plato in o\ ering a clear 
de[ nition of demonstration itself and in classifying the various  indemonstrable 
primary premises on which it depends. Demonstration, in the strict sense, 
 proceeds by valid deductive argument (Aristotle thought of this in terms of his 
 theory of the syllogism) from premises that must be true, primary, necessary, 
prior to, and explanatory of the conclusions. 9 ey must, too, be indemonstrable, 
to avoid the twin d aws of circular reasoning or an in[ nite regress. Any premise 
that can be demonstrated should be. But there have to be ultimate primary pre-
mises that are evident in themselves. One of Aristotle’s examples is the equality 
axiom, namely if you take equals from equals, equals remain. 9 at cannot be 
shown other than by circular argument, which yields no proof at all, but it is clear 
in itself.

It is obvious what this model of axiomatic-deductive demonstration owes to 
mathematics. I have just mentioned Aristotle’s citation of the equality axiom, 
which [ gures also among Euclid’s ‘common opinions’,2 and most of the examples 
of demonstrations that Aristotle gives, in the Posterior analytics, are mathemat-
ical. Yet in the absence of substantial extant texts before Euclid’s Elements itself 
(conventionally dated to around 300 bc) it is di7  cult, or rather impossible, to 
say how far mathematicians before Aristotle had progressed towards an explicit 
notion of an indemonstrable axiom. Proclus, in the [ N h century ad, claims to be 
drawing on the fourth century bc historian of mathematics, Eudemus, in report-
ing that Hippocrates of Chios was the [ rst to compose a book of ‘Elements’, and 
he further names a number of other [ gures, Eudoxus, 9 eodorus, 9 eaetetus, and 
Archytas among those who ‘increased the number of theorems and progressed 
towards a more epistemic or systematic arrangement of them’ (Commentary on 
Euclid’s Elements I 66.7–18).

9 at is obviously teleological history, as if they had a clear vision of the goal 
they should set themselves, namely the Euclidean Elements as we have it. 9 e two 
most substantial stretches of mathematical reasoning from the pre- Aristotelian 
period that we have are Hippocrates’ quadratures of lunes and Archytas’ deter-
mining two mean proportionals (for the sake of solving the problem of the 
duplication of the cube) by way of a complex kinematic diagram involving the 
intersection of three surfaces of revolution, namely a right cone, a cylinder, and 
a torus. Hippocrates’ quadratures are reported by Simplicius (Commentary on 
Aristotle’s Physics 53.28–69.34), Archytas’ work by Eutocius (Commentary on 

2. ON en translated as ‘common notions’.
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Archimedes’ On the sphere and cylinder II, vol. 3, 84.13–88.2), and both early 
mathematicians show impeccable mastery of the subject-matter in question. Yet 
neither text con[ rms, nor even suggests, that these mathematicians had de[ ned 
the starting-points they required in terms of di\ erent types of indemonstrable 
primary premises.

Of course the principles set out in Euclid’s Elements themselves do not tally 
exactly with the concepts that Aristotle had proposed in his discussion of strict 
demonstration. Euclid’s three types of starting-points include de[ nitions (as in 
Aristotle) and common opinions (which, as noted, include what Aristotle called 
the equality axiom) but also postulates (very di\ erent from Aristotle’s hypoth-
eses). 9 e last included especially the parallel postulate that sets out the fundamen-
tal assumption on which Euclidean geometry is based, namely that non-parallel 
straight lines meet at a point. However, where the philosophers had demanded 
arguments that could claim to be incontrovertible, Euclid’s Elements came to be 
recognized as providing the most impressive sustained exempli[ cation of such 
a project. It systematically demonstrates most of the known mathematics of the 
day using especially reductio arguments (arguments by contradiction) and the 
misnamed method of exhaustion. Used to determine a curvilinear area such as 
a circle by inscribing successively larger regular polygons, that method precisely 
did not assume that the circle was ‘exhausted’, only that the di\ erence between 
the inscribed rectilinear [ gure and the circumference of the circle could be made 
as small as you like. 9 ereaN er, the results that the Elements set out could be, and 
were, treated as secure by later mathematicians in their endeavours to expand the 
subject.

9 e impact of this development [ rst on mathematics itself, then further a[ eld, 
was immense. In statics and hydrostatics, in music theory, in astronomy, the hunt 
was on to produce axiomatic-deductive demonstrations that basically followed the 
Euclidean model. But we even [ nd the second century ad medical writer Galen 
attempting to set up mathematics as a model for reasoning in medicine—to yield 
conclusions in certain areas of pathology and physiology that could claim to be 
incontrovertible. Similarly, Proclus attempted an Elements of theology in the [ N h 
century ad, again with the idea of producing results that could be  represented as 
certain.

9 e rami[ cations of this development are considerable. Yet three points must 
be emphasized to put it into perspective. First, for ordinary purposes,  axiomatics 
was quite unnecessary. Not just in practical contexts, but in many more  theoretical 
ones, mathematicians and others got on with the business of calculation and 
measurement without wondering whether their reasoning needed to be given 
ultimate axiomatic foundations.3

3. Cuomo (2001) provides an excellent account of the variety of both theoretical and practical concerns 
among the Greek mathematicians at di\ erent periods.
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Second, it was far from being the case that all Greek work in arithmetic and 
geometry, let alone in other [ elds such as harmonics or astronomy, adopted 
the Euclidean pattern. 9 e three ‘traditional’ problems, of squaring the circle, 
the duplication of the cube, and the trisection of an angle were tackled already 
in the [ N h century bc without any explicit concern for axiomatics (Knorr 1986). 
Much of the work of a mathematician such as Hero of Alexandria ([ rst century 
ad) focuses directly on problems of mensuration using methods similar to those 
in the traditions of Egyptian and Babylonian mathematics by which, indeed, 
he may have been ind uenced.4 While he certainly refers to Archimedes as if he 
provided a model for demonstration, his own procedures sharply diverge, on 
occasion, from Archimedes’.5 In the Metrica, for instance, he sometimes gives 
an arithmetized demonstration of geometrical propositions, that is, he includes 
concrete numbers in his exposition. Moreover in the Pneumatica he allows 
 exhibiting a result to count as a proof. Further a[ eld, I shall shortly discuss the 
disputes in harmonics and the study of the heavens, on the aims of the study, and 
the right methods to use.

9 ird, the recurrent problem for the model of axiomatic-deductive demonstra-
tion that the Elements supplied was always that of securing axioms that would be 
both self-evident and non-trivial. Moreover, it was not enough that an axiom set 
should be internally consistent: it was generally assumed that they should be true 
in the sense of a correct representation of reality. Clearly, outside mathematics 
they were indeed hard to come by. Galen, for example, proposed the principle 
that ‘opposites are cures for opposites’ as one of his indemonstrable principles, 
but the problem was to say what counted as an ‘opposite’. If not trivial, it was con-
testable, but if trivial, useless. Even in mathematics itself, as the example of the 
parallel postulate itself most clearly showed, what principles could be claimed as 
self-evident was intensely controversial. Several commentators on the Elements 
protested that the assumption concerning non-parallel straight lines meeting at a 
point should be a theorem to be proved and removed from among the postulates. 
Proclus outlines the controversy (Commentary on Euclid’s Elements I 191.21\ .) 
and o\ ers his own attempted demonstration as well as reporting one proposed by 
Ptolemy (365.5\ ., 371.10\ .): yet all such turned out to be circular, a result that has 
sometimes been taken to con[ rm Euclid’s astuteness in deciding to treat this as a 
postulate in the [ rst place. In time, however, it was precisely the attack on the par-
allel postulate that led to the eventual emergence of non-Euclidean geometries.

9 ese potential di7  culties evidently introduce elements of doubt about the 
ability of mathematics, or of the subjects based on it, to deliver exactly what 

4. Cf. Robson (Chapter 3.1), Rossi (Chapter 5.1), and Imhausen (Chapter 9.1) in this volume.
5. Moreover Archimedes himself departed from the Euclidean model in much of his work, especially, 

for example, in the area we would call combinatorics; cf. Saito (Chapter 9.2) in this volume and Netz 
(forthcoming).
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some writers claimed for it. Nevertheless, to revert to the fundamental point, 
 mathematics, in the view both of some mathematicians and of outsiders, was 
superior to most other disciplines, precisely in that it could outdo the merely per-
suasive arguments that were common in most other [ elds of inquiry.

It is particularly striking that Archimedes, the most original, ingenious, and 
multifaceted mathematician of Greek antiquity, insisted on such strict standards 
of demonstration that he was at one point led to consider as merely heuristic 
the method that he invented and set out in his treatise of that name. He there 
describes how he discovered the truth of the theorem that any segment of a par-
abola is four-thirds of the triangle that has the same base and equal height. 9 e 
method relies on two assumptions: [ rst that plane [ gures may be imagined as 
balanced against one another around a fulcrum and second that such [ gures may 
be thought of as composed of a set of line segments inde[ nitely close together. 
Both ideas breached common Greek presuppositions. It is true that there were 
precedents both for applying some quasi-mechanical notions to geometrical 
issues—as when [ gures are imagined as set in motion—and for objections to 
such procedures, as when in the Republic 527ab Plato says that the language of 
mathematicians is absurd when they speak of ‘squaring’ [ gures and the like, as if 
they were doing things with mathematical objects. But in Archimedes’ case, the 
[ rst objection to his reasoning would be that it involved a category confusion, 
in that geometrical objects are not the types of item that could be said to have 
centres of gravity. Moreover, Archimedes’ second assumption, that a plane [ gure 
is composed of its indivisible line segments, clearly breached the Greek geomet-
rical notion of the continuum. 9 e upshot was that he categorized his method as 
one of discovery only, and he explicitly claimed that its results had thereaN er to 
be demonstrated by the usual method of exhaustion. At this point, there appears 
to be some tension between the preoccupation with the strictest criteria of proof 
that dominated one tradition of Greek mathematics (though only one) and the 
other important aim of pushing ahead with the business of discovery.

9 e issues of the canon of proof, and of whether and how to provide an axio-
matic base for work in the various parts of ‘mathematics’, were not the only sub-
jects of dispute. Let me now illustrate the range of controversy [ rst in harmonics 
and then in the study of the heavens.

‘Music’, or rather mousikē, was a generic term, used of any art over which one 
or other of the nine Muses presided. 9 e person who was mousikos was one who 
was well-educated and cultured generally. To specify what we mean by ‘music’ 
the Greeks usually used the term harmonikē, the study of harmonies or musical 
scales. Once again the variety of ways that study was construed is remarkable 
and it is worth exploring this in some detail straight away as a classic illustration 
of the tension between mathematical analysis and perceptible phenomena. 9 ere 
were those whose interests were in music-making, practical musicians who were 
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interested in producing pleasing sounds. But there were also plenty of theorists 
who attempted analyses involving, however, quite di\ erent starting assumptions. 
One approach, exempli[ ed by Aristoxenus, insisted that the unit of measurement 
should be something identi[ able to perception. Here, a tone is de[ ned as the 
di\ erence between the [ N h and the fourth, and in principle the whole of music 
theory can be built up from these perceptible intervals, namely by ascending and 
descending [ N hs and fourths.

But if this approach accepted that musical intervals could be construed on 
the model of line segments and investigated quasi-geometrically, a rival mode of 
analysis adopted a more exclusively arithmetical view, where the tone is de[ ned 
as the di\ erence between sounds whose ‘speeds’ stand in a ratio of 9:8. In this, 
the so-called Pythagorean tradition, represented in the work called the Sectio 
canonis in the Euclidean corpus, musical relations are understood as essentially 
ratios between numbers, and the task of the harmonic theorist becomes that of 
deducing various propositions in the mathematics of ratios.

Moreover, these quite contrasting modes of analysis were associated with quite 
di\ erent answers to particular musical questions. Are the octave, [ N h, and fourth 
exactly six tones, three and a half, and two and a half tones respectively? If the 
tone is identi[ ed as the ratio of 9 to 8, then you do not get an octave by taking six 
such intervals. 9 e excess of a [ N h over three tones, and of a fourth over two, has 
to be expressed by the ratio 256 to 243, not by the square root of 9/8.

9 is dispute in turn spilled over into a fundamental epistemological disagree-
ment. Is perception to be the criterion, or reason, or some combination of the 
two? Some thought that numbers and reason ruled. If what we heard appeared 
to cond ict with what the mathematics yielded by way of an analysis, then too 
bad for our hearing. We [ nd some theorists who denied that the interval of an 
octave plus a fourth can be a harmony precisely because the ratio in question 
(8:3) does not conform to the mathematical patterns that constitute the main 
concords. 9 ose all have the form of either a multiplicate ratio as, for example, 2:1 
(expressing the octave) or a superparticular one as, for example, 3:2 and 4:3, both 
of which meet the criterion for a superparticular ratio, namely n+1 : n.

It was one of the most notable achievements of the Harmonics written by 
Ptolemy in the second century ad to show how the competing criteria could be 
combined and reconciled (cf. Barker 2000). First, the analysis had to derive what 
is perceived as tuneful from rational mathematical principles. Why should there 
be any connection between sounds and ratios, and with the particular ratios that 
the concords were held to express? What hypotheses should be adopted to give 
the mathematical underpinning to the analysis? But just to select some principles 
that would do so was, by itself, not enough. 9 e second task the music theorist 
must complete is to bring those principles to an empirical test, to con[ rm that the 
results arrived at on the basis of the mathematical theory did indeed tally with 
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what was perceived by the ear in practice to be concordant—or discordant—as 
the case might be.

9 e study of the heavens was equally contentious. Hesiod is supposed to have 
written a work entitled Astronomia, though to judge from his Works and days his 
interest in the stars related rather to how they tell the passing of the seasons and 
can help to regulate the farmer’s year. In the Epinomis 990a (whether or not this is 
an authentic work of Plato) Hesiod is associated with the study of the stars’ risings 
and settings—an investigation that is contrasted with the study of the planets, 
sun, and moon. Gorgias 451c is one typical text in which the task of the astron-
omer is said to be to determine the relative speeds of the stars, sun and moon.

Both astronomia and astrologia are attested in the [ N h century bc and are 
oN en used interchangeably, though the second element in the [ rst has nemo as 
its root and that relates to distribution, while logos, in the second term, is rather 
a matter of giving an account. Although genethlialogy, the casting of horoscopes 
based on geometrical calculations of the positions of the planets at birth, does not 
become prominent until the fourth century bc, the stars were already associated 
with auspicious and inauspicious phenomena in, for example, Plato’s Symposium 
188b. Certainly by Ptolemy’s time (second century ad) an explicit distinction 
was drawn between predicting the movements of the heavenly bodies themselves 
(astronomy, in our terms, the subject-matter of the Syntaxis), and predicting 
events on earth on their basis (astrology, as we should say, the topic he tackled in 
the Tetrabiblos, which he explicitly contrasts with the other branch of the study 
of the heavens). Yet both Greek terms themselves continued to be used for either. 
Indeed, in the Hellenistic period the term mathēmatikos was regularly used of 
the astrologer as well as of the astronomer.

Both studies remained controversial. 9 e arguments about the validity of 
astrological prediction are outlined in Cicero’s De divinatione for instance, but 
the Epicureans also dismissed astronomy as speculative. On the other hand, there 
were those who saw it rather as one of the most important and successful of the 
branches of mathematics—not that they agreed on how it was to be pursued. We 
may leave to one side Plato’s provocative remarks in the Republic 530ab that the 
astronomikos should pay no attention to the empirical phenomena—he should 
‘leave the things in the heavens alone’—and engage in a study of ‘quickness and 
slowness’ themselves (529d), since at that point Plato is concerned with what the 
study of the heavens can contribute to abstract thought. If we want to [ nd out 
how Plato himself (no practising astronomer, to be sure) viewed the study of the 
heavens, the Timaeus is a surer guide, where indeed the contemplation of the 
heavenly bodies is again given philosophical importance—such a vision encour-
ages the soul to philosophize—but where the di\ erent problems posed by the 
varying speeds and trajectories of the planets, sun, and moon are recognized 
each to need its own solution (Timaeus 40b–d).



What was mathematics in the ancient world? 17

Quite how the chief problems for theoretical astronomy were de[ ned in the 
fourth century bc has become controversial in modern scholarship (Bowen 
2001). But it remains clear [ rst that the problem of the planets’ ‘wandering’, 
as their Greek name (‘wanderer’) implied, was one that exercised Plato. In his 
Timaeus, 39cd, their movements are said to be of wondrous complexity, although 
in his last work, the Laws 822a, he came to insist that each of the heavenly bod-
ies moves with a single circular motion. 9 e model of concentric spheres that 
Aristotle in Metaphysics lambda (Λ) ascribes to Eudoxus, and in a modi[ ed form 
to Callippus, was designed to explain some anomalies in the apparent movements 
of the sun, moon, and planets. Some geometrical model was thereaN er common 
ground to much Greek astronomical theorizing, though disputes continued 
over which model was to be preferred (concentric spheres came to be replaced 
by eccentrics and epicycles). Moreover, some studies were purely geometrical in 
character, o\ ering no comments on how (if at all) the models proposed were to 
be applied to the physical phenomena. 9 at applies to the books that Autolycus of 
Pitane wrote On the moving sphere, and On risings and settings. Even Aristarchus 
in the one treatise of his that is extant, On the sizes and distances of the sun and 
moon, engaged (in the view I favour) in a purely geometrical analysis of how 
those results could be obtained, without committing himself to concrete con-
clusions, although in the work in which he adumbrated his famous heliocentric 
hypothesis, there are no good grounds to believe he was not committed to that as 
a physical solution.

Yet if we ask why prominent Greek theorists adopted geometrical models to 
explain the apparent irregularities in the movements of the heavenly bodies, 
when most other astronomical traditions were content with purely numerical 
solutions to the patterns of their appearances, the answer takes us back to the 
ideal of a demonstration that can carry explanatory, deductive force, and to the 
demands of a teleological account of the universe, that can show that the move-
ments of the heavenly bodies are supremely orderly.

We may note once again that the history of Greek astronomy is not one of 
uniform or agreed goals, ideals, and methods. It is striking how ind uential the 
contrasts that the philosophers had insisted on, between proof and persuasion 
or between demonstration and conjecture, proved to be. In the second century 
ad, Ptolemy uses those contrasts twice over. He [ rst does so in the Syntaxis in 
order to contrast ‘mathematics’, which here clearly includes the mathematical 
astronomy that he is about to embark on in that work, with ‘physics’ and with 
‘theology’. Both of those studies are merely conjectural, the [ rst because of the 
instability of physical objects, the second because of the obscurity of the subject. 
‘Mathematics’, on the other hand, can secure certainty, thanks to the fact that it 
uses—so he says—the incontrovertible methods of arithmetic and geometry. In 
practice, of course, Ptolemy has to admit the di7  culties he faces when tackling 
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such subjects as the movements of the planets in latitude (that is, north and south 
of the ecliptic): and his actual workings are full of approximations. Yet that is not 
allowed to diminish the claim he wishes to make for his theoretical study.

9 en, the second context in which he redeploys the contrast is in the opening 
chapters of the Tetrabiblos, which I have already mentioned for the distinction it 
draws between two types of prediction. 9 ose that relate to the movements of the 
heavenly bodies themselves can be shown demonstratively, apodeiktikōs, he says, 
but those that relate to the fortunes of human beings are an eikastikē, conjectural, 
study. Yet, while some had used ‘conjecture’ to undermine an investigation’s cred-
ibility totally, Ptolemy insists that astrology is founded on assumptions that are 
tried and tested. Like medicine and navigation, it cannot deliver certainty, but it 
can yield probable conclusions.

Many more illustrations of Greek ideas and practices could be given, but 
enough has been said for one important and obvious point to emerge in relation 
to our principal question of what mathematics was in Greece, namely that gen-
eralization is especially di7  cult in the face of the widespread disagreements and 
divergences that we [ nd at all periods and in every department of inquiry. Some 
investigators, to be sure, got on with pursuing their own particular study aN er 
their own manner. But the questions of the status and goals of di\ erent parts of 
the study, and of the proper methods by which it should be conducted, were fre-
quently raised both within and outside the circles of those who styled themselves 
mathematicians. But if no single univocal answer can be given to our question, we 
can at least remark on the intensity with which the Greeks  themselves debated it.

Chinese perspectives

9 e situation in ancient China is, in some respects, very di\ erent. 9 e key point 
is that two common stereotypes about Chinese work are seriously d awed: the [ rst 
that their concern for practicalities blocked any interest in theoretical issues, and 
the second that while they were able calculators and arithmeticians, they were 
weak geometers.

It is true that while the Greek materials we have reviewed may su\ er from a 
deceptive air of familiarity, Chinese ideas and practices are liable to seem exotic. 
9 eir map or maps of the relevant intellectual disciplines, theoretical or practical 
and applied, are very di\ erent both from those of the Greeks and from our own. 
One of the two general terms for number or counting, shu , has meanings that 
include ‘scolding’, ‘fate’, or ‘destiny’, ‘art’ as in ‘the art of ’, and ‘deliberations’ (Ho 
1991). 9 e second general term, suan , is used of ‘planning’, ‘scheming’, and 
‘inferring’, as well as ‘reckoning’ or ‘counting’. 9 e two major treatises that deal with 
broadly mathematical subjects that date from between around 100 bc and 100 ad, 
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both have suan in their title: we shall have more to say on each in due course. 9 e 
Zhou bi suan jing     is conventionally translated ‘Arithmetic classic of 
the gnomon of Zhou’. 9 e second treatise is the Jiu zhang suan shu    , the 
‘Nine chapters on mathematical procedures’. 9 is draws on an earlier text recently 
excavated from a tomb sealed in 186 bc, which has both general terms in its title, 
namely Suan shu shu   , the ‘Book of mathematical procedures’, as Chemla 
and Guo (2004) render it, or more simply, ‘Writings on reckoning’ (Cullen 2004). 
But the ‘Nine chapters’ goes beyond that treatise, both in presenting the problems 
it deals with more systematically, and in extending the range of those it tackles, 
notably by including discussing gou gu , the properties of right-angled tri-
angles (a [ rst indication of those Chinese interests in geometrical questions that 
have so oN en been neglected or dismissed). Indeed, thanks to the existence of the 
Suan shu shu we are in a better position to trace early developments in Chinese 
mathematics than we are in reconstructing what Euclid’s Elements owed to its 
predecessors.

When, in the [ rst centuries bc and ad the Han bibliographers, Liu Xiang and 
Liu Xin, catalogued all the books in the imperial library under six generic head-
ings, shu shu   ‘calculations and methods’ appears as one of these. Its six sub-
species comprise two that deal with the study of the heavens, namely tian wen 

  ‘the patterns in the heavens’ and li pu  ‘calendars and tables’, as well as 
wu xing   ‘the [ ve phases’, and a variety of types of divinatory studies. 9 e 
[ ve phases provided the main framework within which change was discussed. 
9 ey are named [ re, earth, metal, water, and wood, but these are not elements 
in the sense of the basic physical constituents of things, so much as processes. 
‘Water’ picks out not so much the substance, as the process of ‘soaking down-
wards’, as one text (the Great plan) puts it, just as ‘[ re’ is not a substance but 
‘d aming upwards’.

9 is already indicates that the Chinese did not generally recognize a funda-
mental contrast between what we call the study of nature (or the Greeks called 
phusike) on the one hand and mathematics on the other. Rather, each discipline 
dealt with the quantitative aspects of the phenomena it covered as and when the 
need arose. We can illustrate this with harmonic theory, included along with 
calendar studies in the category li pu.

Music was certainly of profound cultural importance in China. We hear of 
di\ erent types of music in di\ erent states or kingdoms before China was uni[ ed 
under Qin Shi Huang Di in 221 bc, some the subject of uniform approval and 
appreciation, some the topic of critical comment as leading to licentiousness and 
immorality—very much in the way in which the Greeks saw di\ erent modes of 
their music as conducive to courage or to self-indulgence. Confucius is said to 
have not tasted meat for three months once he had heard the music of shao in the 
kingdom of Qi (Lun yu 7 14).
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But musical sounds were also the subject of theoretical analysis, indeed of sev-
eral di\ erent kinds. We have extensive extant texts dealing with this, starting 
with the Huai nan zi, a cosmological summa compiled under the auspices of Liu 
An, King of Huainan, in 136 bc, and continuing in the musical treatises contained 
in the [ rst great Chinese universal history, the Shi ji written by Sima Tan and his 
son Sima Qian around 90 bc. 9 us Huai nan zi, ch 3, sets out a schema correlat-
ing the twelve pitchpipes, that give what we would call the 12-tone scale, with the 
[ ve notes of the pentatonic scale. Starting from the [ rst pitchpipe, named Yellow 
Bell (identi[ ed with the [ rst pentatonic note, gong), the second and subsequent 
pitchpipes are generated by alternate ascents of a [ N h and descents of a fourth—
very much in the manner in which in Greece the Aristoxenians thought that all 
musical concords should be so generated. Moreover, Huai nan zi assigns a num-
ber to each pitchpipe. Yellow Bell starts at 81, the second pitchpipe, Forest Bell, is 
54 —that is 81 times 2/3, the next is 72, that is 54 times 4/3, and so on. 9 e system 
works perfectly for the [ rst [ ve notes, but then complications arise. 9 e number 
of the sixth note is rounded from 42 2/3 to 42, and at the next note the sequence 
of alternate ascents and descents is interrupted by two consecutive descents of a 
fourth—a necessary adjustment to stay within a single octave.

On the one hand it is clear that a numerical analysis is sought and achieved, 
but on the other a price has to be paid. Either approximations must be allowed, 
or alternatively very large numbers have to be tolerated. 9 e second option is the 
one taken in a passage in the Shi ji 25, where the convention of staying within a 
single octave is abandoned, but at the cost of having to cope with complex ratios 
such as 32,768 to 59,049. Indeed Huai nan zi itself in another passage, 3. 21a, gen-
erates the twelve pitchpipes by successive multiplications by 3 from unity, which 
yields the number 177,147 (that is 311) as the ‘Great Number of Yellow Bell’. 9 at 
section associates harmonics with the creation of the ‘myriad things’ from the 
primal unity. 9 e Dao  is one, and this subdivides into yin  and yang , which 
between them generate everything else. Since yin and yang themselves are corre-
lated with even and with odd numbers respectively, the greater and the lesser yin 
being identi[ ed as six and eight respectively, and the greater and lesser yang nine 
and seven, the common method of divination, based on the hexagrams set out in 
such texts as the Yi jing   ‘Book of changes’, is also given a numerical basis. 
But, interestingly enough, the ‘Book of changes’ was not classi[ ed by Liu Xiang 
and Liu Xin under shu shu. Rather it was placed in the group of disciplines that 
dealt with classic, or canonical, texts. Indeed the patterns of yin and yang lines 
generated by the hexagrams were regularly mined for insight into every aspect of 
human behaviour, as well as into the cosmos as a whole.

Similarly complicated numbers are also required in the Chinese studies of the 
heavens. One division dealt with ‘the patterns of the heavens’, tian wen, and was 
chied y concerned with the interpretation of omens. But the other li fa included 
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the quantitative analysis of periodic cycles, both to establish the calendar and 
to enable eclipses to be predicted. In one calendrical schema, called the Triple 
Concordance System, a lunation is 29 43/81 days, a solar year 365 385/1539 days, 
and in the concordance cycle 1539 years equals 19,035 lunations and 562,120 days 
(cf. Sivin 1995). On the one hand, considerable e\ orts were expended on carrying 
out the observations needed to establish the data on which eclipse cycles could 
be based. On the other, the [ gures for the concordances were also manipulated 
mathematically, giving in some cases a spurious air of precision—just as happens 
in Ptolemy’s tables of the movements of the planets in longitude and in anomaly 
in the Syntaxis.

Techniques for handling large-number ratios are common to both Chinese 
harmonics and to the mathematical aspects of the study of the heavens. But there 
is also a clear ambition to integrate these two investigations—which both form 
part of the Han category li pu. 9 us, each pitchpipe is correlated with one of the 
twelve positions of the handle of the constellation ‘Big Dipper’ as it circles the 
celestial pole during the course of the seasons. Indeed, it was claimed that each 
pitchpipe resonates spontaneously with the qi of the corresponding season and 
that that e\ ect could be observed empirically by blown ash at the top of a half-
buried pipe, a view that later came to be criticized as mere fantasy (Huang Yilong 
and Chang Chih-Ch’eng 1996).

While the calendar and eclipse cycles [ gure prominently in the work of 
Chinese astronomers, the study of the heavens was not limited to those subjects. 
In the Zhou bi suan jing, the Master Chenzi is asked by his pupil Rong Fang 
what his Dao achieves, and this provides us with one of the clearest early state-
ments acknowledging the power and scope of mathematics.6 9 e Dao, Chenzi 
replies, is able to determine the height and size of the sun, the area illuminated 
by its light, the [ gures for its greatest and least distances, and the length and 
breadth of heaven, solutions to each of which are then set out. 9 at the earth is 
d at is assumed throughout, but one key technique on which the results depend 
is the geometrical analysis of gnomon shadow di\ erences. Among the observa-
tional techniques is sighting the sun down a bamboo tube. Using the [ gure for 
the distance of the sun obtained in an earlier study, the dimension of the sun 
can be gained from those of the tube by similar triangles. Such a result was just 
one impressive proof of the power of mathematics (here suan shu) to arrive at 
an understanding of apparently obscure phenomena. But it should be noted that 
although Chenzi eventually explains his methods to his pupil on the whole quite 
clearly, he [ rst expects him to go away and work out how to get these results on 

6. 9 e term Dao, conventionally translated ‘the Way’, can be used of many di\ erent kinds of skills, and 
here the primary reference is to Chenzi’s ability in mathematics. But those skills are thought of as subordinate 
to the supreme principle at work in the universe, which it is the goal of the sage to cultivate, indeed to embody 
(Lloyd and Sivin 2002).
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his own. Instead of overwhelming the student with the incontrovertibility of the 
conclusion ‘quod erat demonstrandum’, the Chinese master does not rate know-
ledge unless it has been internalized by the pupil.

9 e major classical Chinese mathematical treatise, the ‘Nine chapters’, indicates 
both the range of topics covered and the ambitions of the coverage. Furthermore 
the [ rst of the many commentators on that text, Liu Hui in the third century ad, 
provides precious evidence of how he saw the strategic aims of that treatise and 
of Chinese mathematics as a whole. 9 e ‘Nine chapters’ deals with such subjects 
as [ eld measurement, the addition, subtraction, multiplication, and division of 
fractions, the extraction of square roots, the solutions to linear equations with 
multiple unknowns (by the rule of double false position), the calculation of the 
volumes of pyramids, cones, and the like.

9 e problems are invariably expressed in concrete terms. 9 e text deals with 
the construction of city-walls, trenches, moats, and canals, with the fair distri-
bution of taxes across di\ erent counties, the conversion of di\ erent quantities of 
grain of di\ erent types, and much else besides. But to represent the work as just 
focused on practicalities would be a travesty. A problem about the number of 
workmen needed to dig a trench of particular dimensions, for instance, gives the 
answer as 7 427/3064ths labourers. 9 e interest is quite clearly in the exact solu-
tion to the equation rather than in the practicalities of the situation. Moreover the 
discussion of the circle–circumference ratio (what we call π) provides a further 
illustration of the point. For practical purposes, a value of 3 or 3 1/7 is perfectly 
adequate, and such values were indeed oN en used. But the commentary tradition 
on the ‘Nine chapters’ engages in the calculation of the area of inscribed regular 
polygons with 192 sides, and even 3072-sided ones are contemplated (the larger 
the number of sides, the closer the approximation to the circle itself of course): by 
Zhao Youqin’s day, in the thirteenth century, we are up to 16384-sided polygons 
(Volkov 1997).

Liu Hui’s comments on the chapter discussing the volume of a pyramid illus-
trate the sophistication of his geometrical reasoning (cf. Wagner 1979). 9 e [ g-
ure he has to determine is a pyramid with rectangular base and one lateral edge 
perpendicular to the base, called a yang ma  . To arrive at the formula setting 
out its volume (namely one third length, times breadth, times height) he has to 
determine the proportions between it and two other [ gures, the qian du   
(right prism with right triangular base) and the bie nao   (a pyramid with right 
triangular base and one lateral edge perpendicular to the base). A yang ma and a
bie nao together go to make up a qian du, and its volume is simple: it is half its 
length, times breadth, times depth. 9 at leaves Liu Hui with the problem of [ nd-
ing the ratio between the yang ma and the bie nao. He proceeds by [ rst decompos-
ing a yang ma into a combination of smaller [ gures, a box, two smaller qian du, 
and two smaller yang ma. A bie nao similarly can be decomposed into two smaller 
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qian du and two smaller bie nao. But once so decomposed it can be seen that the 
box plus two smaller qian du in the original yang ma are twice the two smaller 
qian du in the original bie nao. 9 e parts thus determined stand in a relation of 
2:1. 9 e remaining problem is, of course, to determine the ratios of the smaller 
yang ma and the smaller bie nao: but an exactly similar procedure can be applied 
to them. At each stage more of the original [ gure has been determined, always 
yielding a 2:1 ratio for the yang ma to the bie nao. If the process is continued, the 
series converges on the formula one yang ma equals two bie nao, and so a yang ma 
is two-thirds of a qian du, which yields the requisite formula for the volume of the 
yang ma, namely one third length, times breadth, times height (Fig. 1.1.1).

Two points of particular interest in this stretch of argument are [ rst that Liu 
Hui explicitly remarks on the uselessness of one of the [ gures he uses in his 
decomposition. 9 e bie nao, he says, is an object that ‘has no practical use’. Yet 
without it the volume of the yang ma cannot be calculated. At this point we have 
yet another clear indication that the interest in the exact geometrical result takes 
precedence over questions of practical utility.

Second, we may observe both a similarity and a di\ erence between the pro-
cedure adopted by Liu Hui and some Greek methods. In such cases (as in Euclid’s 
determination of the pyramid at Elements 12 3) the Greeks used an indirect proof, 
showing that the volume to be determined cannot be either greater or less than 
the result, and so must equal it. Liu Hui by contrast uses a direct proof, the tech-
nique of decomposition which I have described, yielding increasingly accurate 
approximations to the volume, a procedure similar to that used in the Chinese 
determination of the circle by inscribing regular polygons, mentioned above. Such 
a technique bears an obvious resemblance to the Greek method of exhaustion, 
though I remarked that in that method the area or volume to be determined was 
precisely not exhausted. Liu Hui sees that his process of decomposition can be 

yang ma qian dubie nao

Figure 1.1.1 the yang ma, bie nao, and qian du
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continued inde[ nitely, and he remarks on the progressively smaller remainders 
that this yields. We are dealing evidently with what we would call a converging 
series, but although Liu Hui has no explicit concept for the limit of such, he ends 
his investigation with the rhetorical question ‘how can there be any remainder?’.

9 ere is no suggestion, however, in any of the texts we have been considering, 
of giving mathematics an axiomatic base. 9 e notion of axiom is absent from 
Chinese mathematics until the arrival of the Jesuits in the sixteenth century. 
Rather the chief aims of Chinese mathematicians were to explore the unity of 
mathematics and to extend its range. Liu Hui, especially, comments that it is the 
same procedures that provide the solutions to problems in di\ erent subject-areas. 
What he looks for, and [ nds, in such procedures as those he calls qi  ‘homog-
enizing’ and tong  ‘equalizing’, is what he calls the gang ji   ‘guiding princi-
ples’ of suan ‘mathematics’. In his account of how, from childhood, he studied the 
‘Nine chapters’, he speaks of the di\ erent branches of the study, but insists that 
they all have the same ben  ‘trunk’. 9 ey come from a single duan  ‘source’. 
9 e realizations and their lei  ‘categories’, are elaborated mutually. Over and 
over again the aim is to [ nd and show the connections between the di\ erent parts 
of suan shu, extending procedures across di\ erent categories, making the whole 
‘simple but precise, open to communication but not obscure’. Describing how he 
identi[ ed the technique of double di\ erence, he says (92.2) he looked for the zhi 
qu   ‘essential characteristics’ to be able to extend it to other problems.

While Liu Hui is more explicit in all of this than the ‘Nine chapters’, the other 
great Han classic, the Zhou bi, represents the goal in very similar terms. We are 
not dealing with some isolated, maybe idiosyncratic, point of view, but with one 
that represents an important, maybe even the dominant, tradition. ‘It is the ability 
to distinguish categories in order to unite categories’ which is the key according 
to the Zhou bi (25.5). Again, among the methods that comprise the Dao ‘Way’, it 
is ‘those which are concisely worded but of broad application which are the most 
illuminating of the categories of understanding. If one asks about one category 
and applies [this knowledge] to a myriad a\ airs, one is said to know the Way’ 
(24.12\ ., Cullen 1996, 177).

Conclusions

To sum up what our very rapid survey of two ancient mathematical traditions 
suggests, let me focus on just two fundamental points. We found many of the 
Greeks (not all) engaged in basic methodological and epistemological disagree-
ments, where what was at stake was the ability to deliver certainty—to be able 
to do better than the merely persuasive or conjectural arguments that many 
downgraded as inadequate. 9 e Chinese, by contrast, were far more concerned 
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to explore the connections and the unity between di\ erent studies, including 
between those we consider to be mathematics and others we class as physics or 
cosmology. 9 eir aim was not to establish the subject on a self-evident axiomatic 
basis, but to expand it by extrapolation and analogy.

Each of those two aims we have picked out has its strengths and its weaknesses. 
9 e advantages of axiomatization are that it makes explicit what assumptions 
are needed to get to which results. But the chief problem was that of identifying 
self-evident axioms that were not trivial. 9 e advantage of the Chinese focus on 
guiding principles and connections was to encourage extrapolation and analogy, 
but the corresponding weakness was that everything depended on perceiving 
the analogies, since no attempt is made to give them axiomatic foundations. It is 
apparent that there is no one route that the development of mathematics had to 
take, or should have taken. We [ nd good evidence in these two ancient civiliza-
tions for a variety of views of its unity and its diversity, its usefulness for practical 
purposes and for understanding. 9 e value of asking the question ‘what is math-
ematics?’ is that it reveals so clearly, already where just two ancient mathemat-
ical traditions are concerned, the fruitful heterogeneity in the answers that were 
given.
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