
THEORY OF PARALLELS.

In geometry I find certain imperfections which I hold to be the rea-

son why this science, apart from transition into analytics, can as yet
make no advance from that state in which it has come to us from Euclid.

As belonging to these imperfections, I consider the obscurity in the

fundamental concepts of the geometrical magnitudes and in the manner
and method of representing the measuring of these magnitudes, and

finally the momentous gap in the theory of parallels, to fill which all ef-

forts of mathematicians have been so far in vain.

For this theory Legendre's endeavors have done nothing, since he

was forced to leave the only rigid way to turn into a side path and take

refuge in auxiliary theorems which he illogically strove to exhibit as

necessary axioms. My first essay on the foundations of geometry I pub-

lished in the Kasan Messenger for the year 1829. In the hope of having
satisfied all requirements, I undertook hereupon a treatment of the whole

of this science, and published my work in separate parts in the " Ge-

lehrten Schriflen der Universilaet Kasan" for the years 1836, 1837, 1838,

under the title "New Elements of Geometry, with a complete Theory
of Parallels." The extent of this work perhaps hindered my country-

men from following such a subject, which since Legendre had lost its

interest. Yet I am of the opinion that the Theory of Parallels should

not lose its claim to the attention of geometers, and therefore I aim to

give here the substance of my investigations, remarking beforehand that

contrary to the opinion of Legendre, all other imperfections for ex-

ample, the definition of a straight line show themselves foreign here

and without any real influence on the theory of parallels.

In order not to fatigue my reader with the multitude of those theo-

rems whose proofs present no difficulties, I prefix here only those of

which a knowledge is necessary for what follows.

1. A straight line fits upon itself in all its positions. By this I mean
that during the revolution of the surface containing it the straight line

does not change its place if it goes through two unmoving points in the

surface:
(i. e., if we turn the surface containing it about two points of

the line, the line does not move.)
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2. Two straight lines can not intersect in two points.

3. A straight line sufficiently produced both ways must go out

beyond all bounds, and in such way cuts a bounded plain into two parts.

4. Two straight lines perpendicular to a third never intersect, how
far soever they be produced.

6. A straight line always cuts another in going from one side of it

over to the other side:
('. e., one straight line must cut another if it

has points on both sides of it.)

6. Vertical angles, where the sides of one are productions of the

sides of the other, are equal. This holds of plane rectilineal angles

among themselves, as also of plane surface angles :
(i. e., dihedral angles.)

7. Two straight lines can not intersect, if a third cuts them at the

same angle.

8. In a rectilineal triangle equal sides lie opposite equal angles, and
inversely.

9. In a rectilineal triangle, a greater side lies opposite a greater

angle. In a right-angled triangle the hypothenuse is greater than either

of the other sides, and the two angles adjacent to it are acute.

10. Rectilineal triangles are congruent if they have a side and two

angles equal, or two sides and the included angle equal, or two sides and

the angle opposite the greater equal, or three sides equal.

11. A straight line which stands at right angles upon two other

straight lines not in one plane with it is perpendicular to all straight

lines drawn through the common intersection point in the plane of those

two.

12. The intersection of a sphere with a plane is a circle.

13. A straight line at right angles to the intersection of two per-

pendicular planes, and in one, is perpendicular to the other.

14.
. In a spherical triangle equal sides lie opposite equal angles, and

inversely.

16. Spherical triangles are congruent (or symmetrical) if they have

two sides and the included angle equal, or a side and the adjacent angles

equal.

From here follow the other theorems with their explanations and

proofs.
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16. All straight lines which in a plane go out from a point can,

with reference to a given straight line in the same plane, be divided

into two classes into cutting and not-cutting.

The boundary lines of the one and the other class of those lines will

be called parallel to the given line.

From the point A (Fig. 1) let fall upon the

line BC the perpendicular AD, to which again

draw the perpendicular AE.
In the right angle EAD either will all straight

lines which go out from the point A meet the

line DC, as for example AF, or some of them,
like the perpendicular AE, will not meet the

line DC. In the uncertainty whether the per-

pendicular AE is the only line which does not

meet DC, we will assume it may be possible that ''

there are still other lines, for example AG, FIG. 1.

which do not cut DC, how far soever they may be prolonged. In pass-

ing over from the cutting lines, as AF, to the not-cutting lines, as AG,
we must come upon a line AH, parallel to DC, a boundary line, upon
one side of which all lines AG are such as do not meet the line DC,
while upon the other side every straight line AF cuts the line DC.

The angle HAD between the parallel HA and the perpendicular AD
is called the parallel angle (angle of parallelism), which we will here

designate by f] (p) for AD = p.

If 77 (p) is a right angle, so will the prolongation AE' of the perpen-
dicular AE likewise be parallel to the prolongation DB of the line DC,
in addition to which we remark that in regard to the four right angles,

which are made at the point A by the perpendiculars AE and AD,
and their prolongations AE' and AD', every straight line which goes
out from the point A, either itself or at least its prolongation, lies in one

of the two right angles which are turned toward BC, so that except the

parallel EE' all others, if they are sufficiently produced both ways, must

intersect the line BC.

If 77 (p) < \ x, then upon the other side of AD, making the same

angle DAK = II (p) will lie also a line AK, parallel to the prolonga-
tion DB of the line DC, so that under this assumption we must also

make a distinction of sides in parallelism.
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All remaining lines or their prolongations within the two right angles

turned toward BC pertain to those that intersect, if they lie within the

angle HAK = 2 H (p) between the parallels; they pertain on the other

hand to the non-intersecting AG, if they lie upon the other sides of the

parallels AH and AK, in the opening of the two angles EAH = \ jt

/7 (p), E'AK = | JT 77 (p), between the parallels and EE' the per-

pendicular to AD. Upon the other side of the perpendicular EE' will

in like manner the prolongations AH' and AK' of the parallels AH and

AK likewise be parallel to BC; the remaining lines pertain, if in the

angle K'AH', to the intersecting, but if in the angles K'AE, H'AE'
to the non-intersecting.

In accordance with this, for the assumption 77 (p) = ^ rc. the lines can

be only intersecting or parallel; but if we assume that 77 (p) < TT, then

we must allow two parallels, one on the one and one on the other side;

in addition we must distinguish the remaining lines into non-intersect-

ing and intersecting.

For both assumptions it serves as the mark of parallelism that the

line becomes intersecting for the smallest deviation toward the side

where lies the parallel, so that if AH is parallel to DC, every line AP
cuts DC, how small soever the angle HAF may be.
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17. A straight line maintains the characteristic of parallelism at aU its

points.

Given AB (Fig. 2) parallel to CD, to which latter AC is perpendic

ular. "We -will consider two points taken at random on the line AB and

its production beyond the perpendicular.

Let the point E lie on that side of the perpendicular on which AB is

looked upon as parallel to CD.

Let fall from the point E a perpendicular EK on CD and so draw EP
that it falls within the angle BEK.

Connect the points A and F by a straight line, whose production then

(by Theorem 1 6) must cut CD somewhere in G. Thus we get a triangle

ACG, into which the line EF goes; now since this latter, from the con-

struction, can not cut AC, and can not cut AG or EK a second time

(Theorem 2), therefore it must meet CD somewhere at H (Theorem 3).

Now let E' be a point on the production of AB and E'K' perpendic-

ular to the production of the line CD; draw the line E'F' making so

small an angle AE'F' that it cuts AC somewhere in F'; making the

same angle with AB, draw also from A the line AF, whose production
will cut CD in G (Theorem 16.)

Thus we get a triangle AGO, into which goes the production of the

line E'F'; since now this line can not cut AC a second time, and also

can not cut AG, since the angle BAG = BE'G', (Theorem 7), therefore

must it meet CD somewhere in G'.

Therefore from whatever Doints E and E' the lines EF and E'F' go

out, and however little they may diverge from the line AB, yet will

they always cut CD, to which AB is parallel


