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Abstract My journal article abbreviation of Euclid’s Phenomena with Len
Berggren shows what the book says to those that don’t need or want the whole
treatise. Its most important part is a list of the enunciations of the theorems as
the obvious way to express the contents. This is a summary of the Spherics of
Theodosios for “those that don’t need or want the whole treatise”. That summary is
the second long section of this paper. The first section explains why, with examples,
the summary cannot be just “a list of the enunciations of the theorems”.

1 Introduction

Aim of Paper

When Len Berggren and I were near to publishing our translation and study of
Euclid’s Phenomena (Berggren and Thomas 2006), we published the bare contents
of the book in a journal article (Berggren and Thomas 1992), which is accessible
to those that do not need or want the whole treatise. The most important part of
that paper was a list of the enunciations of the theorems as the obvious way to
express the contents, since the authentic remainder was their proofs. (There is also
an introduction to the book, but it is curiously disconnected from what it purports
to introduce.) For some years I have been working on the Spherics of Theodosios
(Czinczenheim 2000; Heiberg 1927), and have treated mainly CSHPM audiences to
things that have interested me as I have gone along (Thomas 2010, 2011, 2012). The
study toward which I have been working with Nathan Sidoli is still some distance
from publication, but I am now sufficiently familiar with what the contents are to
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2 R. S. D. Thomas

venture the same sort of summary of the contents “accessible to those that don’t
need or want the whole treatise”. That summary is the longer part of this paper
introduced by eight reasons why it cannot take the form the Phenomena summary
took, just “a list of the enunciations of the theorems”, which was so obviously the
thing to do 20 years ago.1 I shall give examples to make some of my points. Some
examples require reference to the summary section.

Introduction to Treatise

This is not the place for a lot about the Spherics, since what it contains is being made
available. The three books contain theorems and ruler-and-compasses constructions
about circles on spheres, many of which have application to spherical astronomy.
At least the first book has been attributed to Eudoxos with a corroborating tradition,
namely that Menaichmos studied with Eudoxos and then studied the conic sections.
That the plane sections of a sphere should be—must be—studied first is extremely
plausible. The material was available to Euclid when he wrote the Phenomena in
presumably the fourth century BCE, but we have no knowledge of what Euclid
had access to except this document from a couple of centuries later, attributed to
Theodosios, whom no one considers to be the original author.

Book One contains pure geometry of small and great circles and their interaction,
beginning with the proposition that a plane determined by three points on a sphere
cuts it in a circle and ending close to allowing one to construct that circle. What is
accomplished is allowing one to size the sphere (19), draw the great circle through
any pair of points (20), and find the pole of a given circle (21). The first of these
constructions is used in the thirteenth book of Euclid’s Elements, and the others are
used often in Books Two and Three.

Book Two continues with the pure geometry of the sphere up to allowing one
to draw a great circle tangent to a given small circle either at a point on that circle
(14) or through a point not on the circle if such a construction is feasible (15).
The book then develops theory applicable to spherical astronomy (19, 22, 23). The
culmination of the book is the theorems that indicate, when their static statements
are translated into astronomical language, that and how the daily path of the sun
wobbles in the course of the year.

Book Three continues to develop theorems applicable to astronomy, in particular
about the projection of equal arcs of one great circle onto another great circle by
circles, parallel or great. Interest in one of these theorems (9) lies not so much in
what is proved (that the equal arcs in 6 need not be adjacent) as that the cases proved
have the gap between the equal arcs either commensurate or incommensurate with
their length. This theorem is followed by others of no application or importance as
yet known to me.

1In principle, the enunciations can be found in what is the extant English translation (Stone 1721)
despite its title.
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The Spherics of Theodosios 3

1.1 Definitions

The first and obvious reason not to present just enunciations—so obvious you may
think it a cheat to include it—is that the Spherics starts with definitions instead of
an introduction. Both Books One and Two begin that way. This reflects the other
obvious fact—that the Phenomena is astronomy and the Spherics is mathematics.
The definitions are quite understandable in a literal translation (Sections 2.1
and 2.3).

Definitions 3 and 4 are of significance for astronomy, where the more advanced
books are applied, but play no part in the work itself. I shall find the term “axis”
useful in explanation, however. For example, Euclid’s definition of sphere in the
Elements (XI 14) uses the idea of an axis, making the diameter of a semicircle an
axis about which it is rotated to “comprehend” (in Heath’s translation) a sphere. The
final definition begins Book Two.

Other definitions are needed by readers, however, because the terms are used
without comment. A circle is a circular disk not just its circumference except when
it is drawn and occasionally at other times, and a circle’s being in a sphere means not
just being in it somewhere but having its circumference on the surface of the sphere.
Drawing a circle requires the pole of the circle and compasses set to a distance2

for which Greek has no more specific term. I refer to the straight-line radius for the
compasses as the polar radius of the circle and use “radius” for the (planar) radius
of a circle. A circle has two poles because the point antipodal to the pole one would
use to draw a circle is also equidistant from all of its points.

A necessary and sufficient condition that functions as a definition for a line to be
perpendicular to a plane is that it is perpendicular to every line in the plane through
its point of intersection with the plane.

A definition that the editors of the Greek think is an addition to the text is not
much use but does introduce the idea that intersecting planes make an angle between
them—what we call the dihedral angle. The definition reads, “A plane is said to be
similarly inclined to a plane, one to another, when, in each of the [pairs of] planes,
lines produced at right angles to the common section of the planes at the same point
contain equal angles.” What is of equal importance in the text is a circle’s being
more or less inclined than another to a common standard of comparison. I shall get
to examples of that in Section 1.7. Equally inclined circles in a sphere are of course
parallel, which is the way the word “parallel” is used. They define parallel planes
and have common poles (and axis).

2The general word used, as in Euclid’s third postulate, could mean (planar) radius, polar radius, or
the spherical arc corresponding to the polar radius.
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4 R. S. D. Thomas

1.2 Diagrams

I have found it necessary in understanding the propositions to have diagrams for
many of them, and the medieval diagrams are no use to me. One can only speculate
how they are related to the original diagrams. The older French translation (Ver
Eecke 1959) has diagrams drawn for it, but only medieval diagrams appear in
the newer one in (Czinczenheim 2000). I find diagrams increasingly necessary as
propositions become more complex; the reader will need to draw some, but this
becomes increasingly difficult. Accordingly, I have supplied some: one for Book
One (Section 1.9), several in Book Two (Propositions 11, 12, 16, 19, 20, 22, 23 also
useful for 10, 13, 17, and 18), and all but Proposition 3 in Book Three. Diagrams
have been drawn using Mathematica.

1.3 A Concept Requiring Explanation

A concept that is necessary for spherical astronomy but not in general use is
translatable as “non-intersecting semicircles,” but since the Greek word is an English
word “asymptotic” and we used “asymptotic” in the Phenomena, I am using
“asymptotic” but need to explain what these non-intersecting semicircles are limited
to, since it is easy for semicircles not to intersect. The semicircles are of great
circles, which always bisect each other, having a diameter in common. A great circle
tangent to a pair of equal parallel small circles can rotate around the sphere diameter
between the common poles of the small circles (their axis). I illustrate two positions
of such a rotating great circle (Figure 1a). Semicircles running from circle to circle
helix-like do not intersect one another. I illustrate two (Figure 1b), well away from
their common diameter. The whole area between the small circles is swept out by
these semicircles, which are called asymptotic. It is an important theme of Book Two
that they behave in some ways like great circles whose common diameter is the axis
of the small circles. Since these great circles look like meridians of longitude, I
shall refer to them in this paragraph as meridians. An example of that behaviour is
cutting off, on circles parallel to the small circles, similar arcs. Meridians do it (II
10, Figure 5a). Asymptotic semicircles do it (II 13, Figure 5b). And if it is done by
great circles, then they are either meridians or asymptotic (II 16, Figure 5).

1.4 Unnecessary Terminology

A term may be used that is not one everyone knows and is not needed elsewhere
in the treatise. It signals no concept interesting for the mathematics and can be
avoided. Proposition II 19 uses “alternate” segments of circles, and II 20 calls
something “visible”, which makes sense in its astronomical application, but there
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The Spherics of Theodosios 5

Fig. 1 (a) Two great circles touching two equal parallel circles. (b) Asymptotic semicircles of the
same circles. The apparent intersection is an illusion

is no astronomy here. All that is meant by the latter is “on the preferred side of a
great circle,” which would have to be the horizon on the celestial sphere to make
the word “visible” make sense. This is a technical term of spherical astronomy; it
does not mean you can see something, just that it is in the half of the cosmos above
the local instantaneous horizon. Most of that is in principle visible at night with a
cloudless sky. I simply avoid using these terms.

1.5 Error

There are two propositions3 that say in part the opposite of what is meant and
proved. Proposition II 21 is fairly simple, stating facts that are obvious from a
diagram, but a literal translation of the Greek states the first clause backwards.
(The English (Stone 1721) and French (Ver Eecke 1959; Czinczenheim 2000),
translations translate this as it stands and so mislead.) The error occurs again in
II 22 e, citing II 21, only with respect to one circle T S. (Again the translations make
the incorrect statement without comment.)

It may be that the Greek4 can be interpreted so as to make sense, but in French
as in English a literal translation of the enunciation is false and not what the proof
proves, which is correct.

3This subsection will make more sense if read when its difficulty arises. A note appears there.
4The adverb modifying “inclined”, “mallon”, means “more”, but the fact is “less”.

robert.thomas@umanitoba.ca



6 R. S. D. Thomas

Fig. 2 (a) A smaller circle is swept out by the upper poles of great circles tangent to the given
small circle. (b) When the great circles touch the circle at 45◦, the circle swept out by their poles
is the same circle at 45◦. (c) Proposition II 22 requires a pole of a great circle touching the smaller
circle to be outside it (so it needs to be above 45◦) and the larger small circle to be below that pole
so as to have it between the circles. Note that a pole of great circles tangent to the larger small
circle, as in (a), will be smaller than the initial small circle

1.6 Geometrical Situation

It is helpful to understand one geometrical situation (perhaps better than did the
editor of the extant text). II 22 and 23 make demands in their almost common
enunciations that are difficult to fulfill unless one sets the configuration up to ensure
its possibility. What is needed is two parallel small circles such that a pole of a great
circle tangent to the smaller will be between them. That is just not true in general.
One needs to choose the small circles with that in mind.

The poles of great circles tangent to a small circle sweep out a parallel small
circle as the point of tangency of the great circle rotates around the small circle
(Figure 2a). Because there are ninety degrees between the circle and its pole, if
the small circle is small enough, the path of the poles is bigger than it is and vice
versa. Halfway, the circle at latitude 45◦ (as it were) reproduces itself (Figure 2b).
So the propositions require that smaller circle be closer to the pole than 45◦ and that
the bigger circle be bigger than the circle of poles of the great circles touching the
smaller (and in absolute terms farther from the pole than 45◦). This is easy enough
to arrange, but it must be arranged (Figure 2c). II 22 is a giant proposition with more
hypotheses and seven conclusions. It is quite impossible to understand from a verbal

description.

1.7 Settings-Out Needed

Under the influence of the style in which Euclid cast his books of Elements, all of the
propositions of the Spherics are written out in prose generalities using pronouns to
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The Spherics of Theodosios 7

avoid repetition of sometimes needed noun phrases. This makes some of them hard
to understand. The cure for this difficulty is to state the setting-out of the proposition
in the general but lettered case. I continue with the proposition that I have already
introduced, an extreme example that certainly needs a diagram as well as setting-
out. (My first attempt at drawing a diagram even from the setting-out was quite
wrong.) There are propositions that do not need a diagram once one has the setting-
out with letters for disambiguation or for which a diagram is easy to draw from the
setting-out but not from the prose description.

II 22 is concerned not just with the configuration I have described but with more
built on top of that. What is built is a selection of circles tangent to the larger of
the two given parallel circles (Figure 7). We need letters from the setting-out of the
proposition. We have parallel circles, the smaller AD and the larger QHT PZNE.
The great circle touching the smaller circle AD is EAHSRGX, and its pole K

lies within the larger circle QHT PZNE. My addition of the further great circle
QAKZ, a construction line, easily displays the location of Q and Z, the points on
QHT PZNE, respectively, closest to and farthest from A. N and P are any pair
of points on QHT PZNE that are equally far from Z. And T is any point on arc
NEQHT P . Each of Q, N,Z, P , and T have a great circle tangent to the larger
circle at it, and those circles determine the points X,G,R, and S on the original
tangent great circle EAH . M,O, and U are just points on their respective circles
for naming circles MNX, OPR, GUQ. I hope that the reader sees that a prose
description of this configuration without names is harder to understand. Most of
the difficulty is in the hypothesis; once one understands the given configuration, the
conclusions are fairly straightforward. (Conclusions b and c are not bothered by the
“mallon” problem of Section 1.5, but e is.)

1.8 Inadequate Content Included

Book Two has served for my examples in Sections 1.2–1.7, but that of this
subsection and Section 1.9 are in Books Three and One. In III 1 and 2 the prose
enunciation does not include what is stated later in the body of the proof and
sometimes proved. Only the three (of eight) portions of the setting-out I have
designated a, f, and h appear in the prose for 1 and only a (of six) appears in 2.

1.9 Material Missing Altogether

What Book One proves is fairly easy to understand in paraphrase or even literal
translation. The difficulties that I detect there are three missing results, which
are corollaries of results that are present. One can easily feel that Book Three is
incomplete too, but what is missing is anybody’s guess. What is not present is open
to interpretation, to say the least. The basis for adding material altogether absent

robert.thomas@umanitoba.ca
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a

e

b

c

d

Fig. 3 The plane diagram for I 18 showing the triangle abc transferred from the sphere, the
triangles abd and acd constructed, ad being the diameter of the undrawn circumcircle of triangle
abc. Also shown dashed are the right bisectors of ab and ac meeting at e, the centre of the circle

must be mathematical. I have made a mathematical case for my additions to Book
One in Mathematics Magazine (Thomas 2018); here I shall just state them and try
to make them understandable.

The theoretical part of Book One concerns mainly two configurations. First is
that pertaining to every circle in the sphere: the line joining the poles of a circle
passes perpendicularly through the circle and through the centre of the circle and
the sphere. Second is an important configuration involving a great circle bisecting
another circle perpendicularly. Such a perpendicular bisector passes through the
poles of the circle and contains its axis as a diameter. Each of the conditions, (1)
perpendicularity, (2) bisection, and (3) passing through the poles, implies both of the
others. This is shown in Propositions 13–15. The book concludes with its practical
part, four constructions. This is where the bits are missing.

Proposition 18 is the key to the rest. It depends on making use of the fact that a
triangle is a plane configuration as well as a spherical one. One simply reproduces
the triangle ABC in the plane as abc and constructs the diameter of its circumcircle
by constructing two right triangles abd and acd whose common hypotenuse ad is
the desired diameter (Figure 3). (The usual route to the circumcircle lies through its
centre e, irrelevant here.)

The way this proposition is proved gives us two corollaries. It is because the
given circle plays no role in the proof that we have:
Corollary. Given three points on the surface of a sphere, to construct a line equal to
the diameter of the circle through them even in its absence.

Since moving a triangle from the sphere to the plane is a reversible process, we
can pull the other end d of the diameter back to the sphere using triangle bcd and
have:
Corollary. Given three points on the surface of a sphere, to construct the point
opposite one of them on the circle through them with or without the presence of

the circle.
The text does not mention either of these, obvious though they are. I do not

know whether either of these corollaries is original, but the second in the presence

of the circle is an obvious help in proving Propositions 19 (at an early stage) and
21, in which the opposite ends of diameters are needed. No method of determining
them is specified. The first corollary is essential to proving 19 (at a later stage)
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The Spherics of Theodosios 9

and allows proving a satisfying ending to the book, which has apparently lost its
original ending. With the second corollary in the absence of the circle, Proposition
21 can still be proved from just three points on it. Then it has the following attractive
corollary harking back to the first proposition.
Corollary. Given three points on the surface of a sphere, to draw the circle through
them.

2 Expanded Paraphrase of Results

This paraphrase sets out the definitions literally but expands the enunciations for
clarity or replaces them with settings-out for clarity or to list results not mentioned
in them. A notational convention adopted here is to underline the names of lines,
e.g. AB, to emphasize that they are not arcs or whole circles, which other multiletter
objects are.

2.1 Definitions of Book I

1. Sphere is a solid figure contained by a single surface, all lines to which from a
single point that lies within the figure are equal to one another.

2. Centre of the sphere is the point.
3. Axis of the sphere is a line passing through the centre and bounded in each

direction by the surface of the sphere, around which line the sphere rotates.
4. Poles of the sphere are endpoints of the axis.
5. Pole of a circle in a sphere names a point on the surface of the sphere from which

all lines to the circumference of the circle are equal to one another.
6. A plane is said to be similarly inclined to a plane, when, in each of the planes,

lines produced at right angles to the intersection of the planes at the same point
contain equal angles.

2.2 Propositions of Book I

1. The plane through three points on the surface of a sphere cuts the surface of the
sphere in the circumference of a circle.
Corollary. If a circle is in a sphere, the perpendicular produced from the centre
of the sphere to it falls at its centre.
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10 R. S. D. Thomas

2. To find the centre of a given sphere.5

Corollary. If a circle is in a sphere and a perpendicular is erected at its centre,
the centre of the sphere is on the perpendicular.

3. A sphere touches a plane in not more than one point.
4. Let a plane touch but not cut a sphere at a point. Then the line joining the point

of contact to the centre is perpendicular to the plane.
5. If a sphere touches a plane not cutting it, then the centre of the sphere is on a

perpendicular erected into the sphere at the point of contact.
6. Circles through the centre of a sphere are great circles. Other circles in a sphere

are equal to one another if equidistant from the centre of the sphere, and the
farther away from the centre the smaller the circles.

7. If a circle is in a sphere, a straight line joining the centre of the sphere to the
centre of the circle is perpendicular to the circle.

8. If a perpendicular is dropped from the centre of a sphere to a circle in the sphere
and extended in both directions, it meets the sphere at the poles of the circle.

9. If a perpendicular is dropped to a circle in a sphere from one of its poles, it falls
on the centre of the circle, and extended it meets the sphere at the other pole of
the circle.

10. If a circle is in a sphere, the line joining its poles is perpendicular to the circle
and passes through the centres of the circle and of the sphere.

11. In a sphere, two great circles bisect each other. (converse of 12)
12. In a sphere, circles that bisect each other are great circles. (converse of 11)
13. If a great circle in a sphere cuts a [small] circle in the sphere at right angles,

it will bisect it and pass through its poles. (condition 1 of Section 1.9 gives 2
and 3)

14. If a great circle in a sphere bisects a small circle in the sphere, it will cut it at
right angles and pass through its poles. (condition 2 gives 1 and 3)

15. If a great circle in a sphere cuts a circle in the sphere through its poles, it will
bisect it at right angles. (condition 3 gives 1 and 2)

16. The polar radius of a great circle in a sphere is equal to the side of a square
inscribed in a great circle. (converse of 17)

17. If the polar radius of a circle in a sphere is equal to the side of a square inscribed
in a great circle, then the circle is a great circle. (converse of 16)

18. Given three points on the circumference of a circle in a sphere, to construct a
line equal to the diameter of the given circle.

19. To construct a line equal to the diameter of a given sphere.
20. To draw a great circle through two given points on the surface of a sphere.
21. To find the pole of a given circle in a sphere.

5Stating this proposition as a construction (problem) is problematic as discussed in (Sidoli and
Saito 2009) and (Thomas 2013). 18–21 are constructions with compasses. Proposition 2 no
more finds the centre of the sphere with compasses than 1 finds the centre of the circle; both
are determined in thought-experimental three-dimensional “constructions” mentioned in 7–9 and
typical of the proofs in the text.
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The Spherics of Theodosios 11

Fig. 4 II 11 and 12. In a sphere the segment must be a great circle bisecting a small circle. See I
13–15

2.3 Definition of Book II

Two circles in a sphere are said to touch each other when the line of intersection of
their planes touches both circles.

2.4 Propositions of Book II

1. In a sphere, parallel circles have the same poles. (converse of 2)
2. In a sphere, circles that have the same poles are parallel. (converse of 1)
3. In a sphere, if two circles cut the circumference of a great circle at the same

point and have their poles on it, then the circles touch each other. (converse
of 4)

4. In a sphere, if two circles touch each other, then the great circle drawn through
their poles goes through their point of contact. (converse of 3)

5. In a sphere, if two circles touch each other, then the great circle drawn through
the poles of one and the point of contact goes through the poles of the other.

6. In a sphere, if a great circle touches a certain circle in the sphere, then it also
touches the other circle equal and parallel to it. (converse of 7)

7. If two equal and parallel circles are in a sphere, then the great circle touching
one of them also touches the other. (converse of 6)

8. A great circle cutting a circle in the sphere not through its poles touches two
equal circles parallel to it.

9. In a sphere, if two circles cut off arcs of each other and a great circle is drawn
through their poles, then it bisects the arcs cut off.

10. In a sphere, if great circles are drawn through the poles of parallel circles
(Figure 5a), then the arcs of the parallel circles between the great circles are
similar and the arcs of the great circles between the parallel circles are equal.
(partial converse of 16)

11. If on diameters in equal circles (Figure 4) equal segments of circles are set up
perpendicularly, and on them equal arcs from the ends of the segments are cut
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12 R. S. D. Thomas

Fig. 5 II 16. (a) The great circles pass through the pole of the parallel circles. (b) They do not

off less than half of the whole, and from the points so determined equal lines
are produced to the circumferences of the first circles, they cut off equal arcs of
the first circles from the ends of the diameters. (converse of 12)

12. If on diameters in equal circles (Figure 4) equal segments of circles are set up
perpendicularly, and on them equal arcs from the ends of the segments are cut
off less than half of the whole, and in the same directions equal arcs are cut off
from the first circles from the ends of the diameters, then the lines joining the
points so determined are equal to each other. (converse of 11)

13. In a sphere, if two great circles are drawn touching a circle and cutting circles
parallel to it (Figure 5b), then the arcs of each parallel circle between the
asymptotic semicircles of the great circles are similar, and the arcs of the great
circles between two parallels are equal. (partial converse of 16)

14. Given a small circle in a sphere and a point on its circumference, to draw a great
circle touching the given circle at the given point.

15. Given a small circle in a sphere and a point on the surface of the sphere between
it and the circle equal and parallel to it, to draw a great circle through the given
point touching the given circle.

16. In a sphere, two great circles cutting off similar arcs of parallel circles either
pass through the poles of the parallels (Figure 5a) or touch the same one of the
parallels (Figure 5b). (partial converse of 10 and 13)

17. In a sphere (cf. Figure 6a), if a great circle has equal arcs cut off it between each
of two parallel circles and the parallel great circle, then the two parallel circles
are equal, and the longer the arcs the smaller both circles. (converse of 18)

18. In a sphere (cf. Figure 6a), equal parallel circles cut off, between them and the
largest of the parallels, equal arcs of a great circle, and the larger the circles the
shorter the arcs. (converse of 17)

19. In a sphere, if a great circle cuts some parallel circles in the sphere not through
their poles, it will cut them into unequal segments except for the parallel great
circle. Cut-off segments between the parallel great circle and their pole in one
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The Spherics of Theodosios 13

Fig. 6 (a) II 19. (b) II 20

hemisphere are larger than semicircles, and cut-off segments on the same side
of the cutting circle between the parallel great circle and the other pole are
smaller than semicircles. And the segments of equal parallel circles on opposite
sides of the cutting circle (Figure 6a) are equal to each other.

20. In a sphere (Figure 6b), let great circle ABDG cut parallel circles AB, GD,
and EZ not through their pole H . Of the arcs cut off circles AB, GD, and EZ

on the H side of ABDG, that nearer to H will always be longer than similar
to that farther off, that is, the long arc AB is longer than similar to the long arc
GD and the long arc GD is longer than similar to the long arc EZ.

21. In equal spheres, if great circles are inclined to horizontal great circles, that is
less inclined whose pole is raised up higher, and those are similarly inclined
whose poles are equally distant from the horizontal plane (cf. Figure 2a–c and
Section 1.5).

22. In a sphere (Figure 7), let great circle ABG touch a certain circle AD at point A,
and let it cut at E and H another circle parallel to AD and between the centre
of the sphere and K , the pole of ABG.
On EH let Z be the bisector of the larger segment, Q be the bisector of the
smaller segment, N and P be equally distant from either bisector on EZHQ,
and T be an arbitrary point in the arc NQP .
Let there be drawn great circles BZG, UQ, MNX, OPR, and T S touching
the larger of the parallels EZHQ at Z, Q, N , P , and T .
Then

(a) great circles touching the larger of the parallels EZHQ at Z, Q, N , P , and
T are inclined to circle ABG, and
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14 R. S. D. Thomas

Fig. 7 II 22. The given
circles and the pole K of
great circle ABG of which
little more than the arc AG is
shown. B on AHSRGXB is
behind the front surface of the
sphere, antipodal to G, and
invisible. The great circle
QAKZ, about which the
configuration, except for
circle T S, is bilaterally
symmetric, has been added
the better to locate Z and Q

Fig. 8 II 23. The given
circles, the pole K of great
circle ABG, and the given
points Q and Z

(b) the most upright of them is BZG,
(c) the least upright QUG,
(d) MNX and OPR are similarly inclined, and
(e) ST is less inclined to ABG than OPR (see Section 1.5);
(f) and the poles of those at Z, Q, N , P , and T are on one parallel circle
(g) smaller than AD.

23. In a sphere (Figure 8), let great circle ABG touch a certain circle AD at point
A and, at E and H , cut another circle parallel to AD and between the centre of
the sphere and K , the pole of ABG.
On EH let Z be the bisector of the larger segment, Q be the bisector of
the smaller segment, and N and P be equally distant from either bisector on
EZHQ.
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Fig. 9 (a) III 1, Case 1. (b) III 2a–e

Let there be drawn great circles MNX and OPR touching the larger of the
parallels EZHQ at N and P .
Then, if the arcs NM and PR from N and P to ABG are equal, great circles
MNX and OPR are similarly inclined to ABG.

2.5 Propositions of Book III

1. Let a certain line BD be drawn in the circle ABD cutting the circle in (Case
1) unequal parts and let arc BGD, where G is a point to be chosen later, be
longer than arc BAD (Figure 9a). Let segment BED of a circle not greater
than a semicircle, with E closer to B than to D, be set up perpendicularly on
BD. And let EB be joined.
Then (Case 1)

(a) BE is shortest of all lines from point E to arc BGD.
From point E let perpendicular EZ be dropped to the plane of circle BGD;
clearly it will fall on the line BD.
Let H be the centre of circle ABGD, and let ZH be joined and be extended
to K on arc BGD. Then

(b) Of the lines from point E to arc BK , that nearer to EB is shorter than that
farther away.

(c) EK is longest of all the lines from point E to arc KD,
(d) ED is the shortest of all lines from point E to arc KD, and
(e) Of the lines from point E to arc KD, that nearer to ED is shorter than that

farther away (unproved).
(Case 2) Let the dividing line BD be instead a diameter of circle ABGD

and the rest be assumed the same. Then
(f) EB is shortest of all the lines from point E to the circumference of circle

ABGD,
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(g) ED is longest, and
(h) Intermediate lines EG are longer than EB and shorter than ED.

2. Let a certain line AG be drawn in the circle ABGD (with diameter BD to be
specified later) cutting off segment ABG not less than a semicircle, and on AG

let a segment of a circle AEG not greater than a semicircle, divided unequally
by point E, be set up inclined toward ADG. Let arc EG be greater than arc
EA. And let EA be joined (Figure 9b). Then

(a) EA is the shortest of all lines from point E to arc ABG.
Let a perpendicular EZ be drawn from point E to the plane of circle
ABGD; of course it falls between line AG and arc ADG on account of the
inclination of segment AEG toward segment ADG. Let H be the centre of
ABGD, and let ZH be joined and be extended in both directions joining
D and B.

(b) Of the lines drawn from point E to arc AB between points A and B, that
nearer EA is shorter than that farther off.

(c) EB is the longest of all the lines from point E to arc ABG.
(d) EG is the shortest of all lines from point E to arc BG.
(e) Of the lines from point E to arc BG, that nearer to EG is shorter than that

farther off.
(f) If ABG is a semicircle, then EA is shorter than all lines from E to arc

ABG (not proved).

3. In a sphere, let two great circles AB and GD cut each other at point E, and let
equal contiguous arcs be cut off each of them in both directions from E, AE

equal to EB and GE equal to ED, and let AG and BD be joined. Then line
AG is equal to line BD.

4. Let great circles in a sphere (Figure 10) cut each other at point E, and from
one of them, say AEB, let equal arcs AE and EB be cut off contiguously in
both directions from point E, and through points A and B let parallel planes
AD and BG be drawn, of which AD meets the line of intersection of the great
circles AEB and GED at X outside the surface of the sphere beyond point E,
and each equal arc AE and EB be longer than each of arcs GE and ED. Then
arc GE is longer than arc ED.

5. Let the pole of the parallels be point A on the circumference of great circle
ABG (Figure 11a), and let two great circles BZG and DZE cut ABG

perpendicularly, of which BZG is one of the parallels and DZE is oblique
to the parallels. From the oblique circle DZE let equal contiguous arcs KQ

and QH be cut off on the same side of the parallel great circle BZG. Through
points K , Q, and H let parallel circles OKP , NQX, and LHM be drawn.
Then circles OKP , NQX, and LHM cut off unequal arcs of the first great
circle ABG, and they are progressively longer the closer they are to BZG. In
particular, arc ON is longer than arc NL.

6. Let the pole of the parallels be point A on the circumference of great circle
ABG, and let two great circles BZG and DZE cut it perpendicularly, of which
BZG is one of the parallels and DZE is oblique to the parallels (Figure 11b).
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Fig. 10 III 4. The great circles AEB and DEG, the parallel small circles AD and GB, an
indication beyond circle AD of its plane, and the point X, where the radius to E extended meets
that plane

Fig. 11 (a) III 5. (b) III 6
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From the oblique circle DZE let equal contiguous arcs KQ and QH be cut
off on the same side of the parallel great circle BZG. Through A and each of
the points H , Q, and K let great circles AHL, AQM , and AKN be drawn,
where L, M , and N lie on BZG. Then circles AHL, AQM , and AKN cut
off unequal arcs of BZG, and they are progressively longer the farther they are
from Z. In particular, arc LM is longer than arc MN .

7. (Generalization of 5 to circle not through the pole) Let great circles ABG and
EZH in a sphere touch parallel circles through A and H , the parallel circle
through H being larger (Figure 12a). Let BZG be the largest of the parallels.
Let equal arcs LK and KQ be cut off contiguously from the second circle
EZH on the same side of BZG, with Q farther from BZG than L. Through
points Q, K , and L let parallel circles MQN , XKO, and PLR be drawn with
M , X, and P on one side of ABG and N , O, and R on the other side. Then
circles MQN , XKO, and PLR cut off unequal arcs of ABG, and they are
progressively longer the closer they are to BZG. In particular, arc PX is longer
than arc XM .

robert.thomas@umanitoba.ca



18 R. S. D. Thomas

A

A

H

H

M

M

X

X

P

B
B

Z Z
L L

K K

Q Q

N

N

O

O

R

G

GE

E

D

(a) (b)

Fig. 12 (a) III 7. (b) III 8

8. (Generalization of 6 to asymptotic semicircles) Consider a small circle AD and
the parallel great circle BZ in a sphere (Figure 12b). Let the bounding great
circle ABG be tangent to the small circle at the top of both, point A. Let another
great circle EZG less oblique to the parallels have its points of tangency with
parallel circles E and G on the bounding circle (upper right and lower left).
Let two equal and contiguous arcs HQ and QK be cut off EZG between its
point of tangency with the upper parallel circle E and its point of intersection
with the parallel great circle Z by the start DHL, MQN , and XKO of great
semicircles touching the small circle at D, M , and X, with L, N , and O on the
parallel great circle, and asymptotic to both the bounding circle’s right half and
one another, each pair DHL and MQN , MQN and XKO cutting off similar
arcs of the parallel circles. Then the arcs cut off the parallel great circle are
unequal and they are progressively longer the closer they are to the right side of
the bounding circle. In particular, LN is longer than NO.

9. (Generalization of 6 to non-adjacent arcs) Let the pole of the parallels be point
A on the circumference of great circle ABG (Figure 13a), and let oblique great
circle DEG and great parallel circle BE cut circle ABG perpendicularly. Let
equal but noncontiguous arcs ZH and QK be cut off arc DE, and through
points Z, H , Q, and K and the pole A let great circles AZL, AHM , AQN ,
and AKX be drawn with L, M , N , and X on arc BE. Then the arcs are
progressively longer the farther they are from E. In particular, arc LM is longer
than arc NX.

10. (Lemma for 12) Let the pole of the parallels be point A on the circumference of
great circle ABG (Figure 13b), and let oblique great circle DEG and the great
parallel circle BE cut circle ABG perpendicularly. Let two arbitrary points Z
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Fig. 13 (a) III 9. (b) III 10

and H be given on the oblique circle DEG between ABG and BE. Through
points Z and H and the pole A let great circles AZQ and AHK be drawn, with
Q and K on BE. Then the ratio of arc BQ to arc DZ is greater than the ratio
of arc QK to arc ZH .

11. In a sphere, let points A and K , the poles of the parallels, be on the
circumference of great circle ABKG (Figure 14a). Let the great parallel circle
BEG and oblique great circle DEZ cut circle ABG perpendicularly. Let DM

be the parallel that DEZ touches. Let another great circle AHQK through the
poles of the parallels cut DM at L, DE at H , and BE at Q. Then the ratio of
the diameter of the sphere DZ to DM , the diameter of circle DLM , is greater
than the ratio of arc BQ to arc DH .

12. (Generalization of 11 to asymptotic semicircles) In a sphere, let great circles
AB and GD touch parallel circle AG at points A and G (Figure 14b), cutting
off between them similar arcs of parallel circles, including BD on the great
parallel MBD. Let another oblique great circle EZ touch at E a larger parallel
EH between circles AG and MBD, Z and H being on the bounding great
circle LEM through the pole L of the parallels. Let the points of intersection
of the circumferences of AB and GD with EZ be Q and K . Then twice the
ratio of the diameter of the sphere EZ to the diameter of circle EH is greater
than the ratio of arc BD to arc QK .

13. In a sphere, let parallel circles through A and D cut off equal arcs AE and
ED of great circle AED on opposite sides of the largest of the parallels. And
through points A, E, and D let great circles AZG, QEK , and BHD be drawn,
either touching the same one of the parallels (Figure 15a) or through the poles
of the parallels (not illustrated; limiting case), with Z and H being on the largest
parallel, Q and B being on the parallel through A, and G and K on the parallel
through D. Then arc ZE is equal to arc EH .
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Fig. 14 (a) III 11. Great
circles ADB and ALH pass
though the pole A of the
parallels. (b) III 12.
Beginnings of asymptotic
semicircles GK and AQ

touch parallel circle GA

Fig. 15 (a) III 13. The great
circles AZG, QEK , BHD

touch the same small parallel
circle. (b) III 14

14. In a sphere (Figure 15b), let great circle ABG touch a parallel circle at point A.
And let another oblique great circle BG touch larger parallels than those ABG

touches. Let two arbitrary points E and K be taken on the oblique circle BG,
and through points E and K let parallel circles ZEH and QKL be drawn with
Z and Q, H and L on opposite sides of the bounding circle ABG. Then arc
EH is longer than similar to arc KL, and arc QK is longer than similar to ZE.
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